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1. Introduction
In [1], [2] Baillon considered a class of nonexpansive self-mappings $T$ of a bounded closed
convex subset $C$ of a Hilbert space $\mathrm{H}$ or $L_{p}$ with $1<p<\infty$, formed the $\mathrm{C}\mathrm{e}\mathrm{s}\grave{\mathrm{a}}\mathrm{I}\mathfrak{v}(C, 1)$ mean
value peocess
$C_{\hslash}^{(1)}[ \eta f=\frac{1}{1r\vdash 1}\sum_{\mathrm{E}}^{n}Ff,$ $n\geq 0$
for$f\in C$ and established the weak nonlinear ergodic theorem for $T$. Then later, Krengel and
Lin [5] considered another class of order preserving, $L_{\infty}$ -norm decreasing and
$L_{1}$ -nonexpansive operators in $L_{p}$ and proved the following weak nonlinear ergodic theorem
which can not be covered by Baillon’s theorem: Let $T$ be an operator in $L_{p}(1<p<\infty)$ which
is order preserving, $L_{\infty}$ -norn decreasing and $L_{1}$ -nonexpansive. Then for any$f\in L_{p},$ $C_{\hslash}^{(1)}[W$
converges weakly in $L_{p}$ . If the basic measure is finite, $C_{\hslash}^{(1)}[\eta f$converges weakly in $L_{1}$ for
$f\in L_{1}$ . The same result holds for operators in $L_{1}^{+}$ .
In the settings of Baillon, Krengel and Lin, however, one can only expect weak
convergence of the $(C, 1)$ process. Indeed, the example due to Krengel and Lin [5] shows that
$C_{\hslash}^{(1)}[\eta f$need not converge in the strong topology of $L_{p}$ and the example given by Krengel [4]
shows that the pointwise convergence of $C_{n}^{(1)}[W$may fail to hold. Note here that the iteration
process considered by Wittmann [7] has a different aspect. So, as suggested (implicitly) by
Krengel and Lin, it seems to be a question of great significance to find those (extra) conditions
under which $C_{\hslash}^{(1)}[\eta f$converges almost everywhere or in the strong topology of $L_{p}$ (cf. [7]). In
[9] the author made an attempt to deal with this question in the strong topology of $L_{p}$ . [By the
way, in [4] Krengel dared to say: It therefore seems that the example essentially eliminates all
hopes for general pointwise nonlinear ergodic theorems. Of course, the possibility of positive
results for specific class of nonlinear operators remains.]
We are particularly interested in finding some conditions or in changing the settings under
which the almost everywhere convergence of $C_{\hslash}^{(1)}[ \prod f$holds in both linear and nonlinear cases.
In a forthcoming paper [10] the author proved the following theorem:
Theorem. Let $T$ be an order preserving operator in $L_{p}(1\leq p\leq\infty)$ with $T(\mathrm{O})=0$ . Let
$0<a<\infty$ and $f,$ $f\in L_{p}^{+}$ . Assume that $E$ is a measurable set ofmeasure zero such that for
any $a$) $\in E^{c}$ , the generalized Dirichlet series $\sum_{n\triangleleft}^{\infty}\frac{A_{n}^{\mathrm{r}- 1}(\mathcal{P}fl(\Phi)}{(A_{n}^{\iota})^{z}}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{s}$(absolutely) for each
$z\in C$ with ${\rm Re}(z)>1$ . Here $A_{n}^{a},$ $n\geq 0$ , denote the $(C,a)$ coefficients of order $a$ . Assume that
for any $a$) $\in E^{c}\cup\wp<\infty$}, the analytic hnction
$G_{\varpi}(z)= \sum_{n\triangleleft}^{\infty}\frac{Al^{-1}(T’f)(4)}{(\Lambda\S)^{*}},-\frac{f(\Phi)}{z-1}$ , ${\rm Re}(z)>1$
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has an analytic or just continuous extension (also called $G_{\omega}(.)$) to the closed half-plane
{Re(z) $\geq 1$ }. Finally assume that for each $\omega\in E^{c}\cup\wp<\infty$}, there exists a constant
$M_{4J}\geq 1$ such that
$(^{*})$ $G_{w}(z)=O(|z|^{M_{\Phi}})$ , ${\rm Re}(z)>1$ .
Then
$\lim_{n\infty}\frac{1}{A_{n}^{\alpha}}\sum_{\mathrm{E}}^{n}A_{k}^{\mathfrak{a}-1}(Pf)(\omega)=f(\mathit{0}))$
holds for almost all $\omega$ .
In this paper we will show that the above theorem is also valid even without assuming the
growth condition $(^{*})$ . Our general approach to understanding analytic condition$s$ will be via
Dirichlet series conceming operators in $L_{p}$ (cf. [10]). The proof will make heavy use of
Landau’s Tauberian technique in $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{u}- \mathrm{W}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}- \mathrm{I}\mathrm{k}\mathrm{e}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}’\mathrm{s}$Tauberian theorem for Dirichlet
series (cf. [3]).
2. Pointwise nonlinear ergodic theorems in $L_{p}$
Let $L_{p}=L_{p}(\Omega^{-},-\cdot,\mu),$ $1\leq p\leq\infty$ , be the usual Lebesgue spaces, where $(\mathrm{o}_{-}^{-},-,\mu)$ is a
$\sigma$ -finite measure space. A operator $T$ in $L_{p}$ is said to be $L_{p}$ -norm decreasing if
$||Tf||_{p}\leq||f||_{p}$ holds for all $f\in L_{p}$ . $T$ is called order preserving in $L_{p}$ iff, $g\in L_{p}$ and$f\leq g$
imply $Tf\leq Tg$. $T$ is called nonexpansive in $L_{p}$ if $||Tf-Tg||_{p}\leq||f-\mathrm{g}||_{p}$ holds for all $f$,
$g\in L_{p}$ . $\mathrm{W}$ say that $T$ is positively homogeneous if $T(cf)=cTf$for all $f\in L_{p}$ and any constant
$c\geq 0$ . For a real number $\alpha>-1$ and each integer $n\geq 0$ , let $A_{n}^{a}$ denote the $(C,a)$ coefficient
of order $a$, which is defined by the generating Mction
$\frac{1}{(1-\lambda)^{\alpha+1}}=\sum_{-0}^{\infty}A_{n}^{a}\lambda^{n}$ , $0<\lambda<1$
$\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}A_{0}^{a}=1$ . We also $1\mathrm{e}\mathrm{t}A_{0}^{-1}=1\mathrm{a}\mathrm{n}\mathrm{d}A_{\overline{n}}\iota=$ Ofor alln $\geq 1$ . Then fora $>-1$ , we have
$A_{n}^{a}>0,$ $A_{n}^{0}=1$ , $A_{n}^{a} \sim\frac{n^{\alpha}}{\Gamma(a+1)}$, and
$A_{\hslash}^{a}= \sum_{\mathrm{E}}^{n}A_{\kappa k}^{a-1}=\sum_{E}^{n}A_{k}^{a-1}=\frac{(a+1)(a+\mathit{2})\cdots(\alpha+n)}{n\mathrm{I}}$ .
Moreover, it follows that $A_{n}^{a}$ is increasing in $n$ for $a>0$ and decreasing in $n$ for-l $<a<0$ .
We will prove
Theorem 1. Let $T$ be an order preserving operator in $L_{p}(1\leq p\leq\infty)$ with $\pi 0$) $=0$ and let
$0<a<\infty,$ $f,$ $f\in L_{p}$ . Assume that $E$ is a set $\mathrm{i}\mathrm{n}^{-}-\cdot$ with $\mu(E)=0$ such that for any
$a)\in\Omega-E$, the generalized Dirichlet series $\sum_{n\triangleleft}^{\infty}\frac{\Lambda_{\mathrm{n}}^{arrow 1}(T’f)(\varpi)}{(\Lambda \mathrm{g}\gamma}$ converges (absolutely) for each
$z\in C$ with ${\rm Re}(z)>1$ . Assume that for any to $\in\Omega-(E\cup E_{0})$ , where $E_{0}=\wp=\infty$}, the
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analytic hnction
$G_{\varpi}(z)= \sum_{n4}^{\infty}\frac{\Lambda ff^{-1}(\mathcal{P}f)(\omega)}{(A_{n}^{a})^{l}}-\frac{f(\varpi)}{z-1}$, ${\rm Re}(z)>1$
has an analytic or just continuous extension (also called $G_{\omega}(.)$) to the closed half-plane
{Re(z) $\geq 1$ }. Then $\frac{1}{A_{n}^{u}}\sum_{\mathrm{E}}^{n}A_{k}^{a-1}(T^{\mathrm{k}}f)(a))$ converges as $narrow\infty$ to $f(\omega)$ for alnost all $\omega\in\Omega$ .
We need some lemmas.
Lemma 1. Let $T$ be an order preserving operator in $L_{p}(1\leq p\leq\infty)$ with $T(\mathrm{O})=0$ and let
$0<a<\infty,$ $f\in L_{p}^{+}$ . Assume that $E$ is a set $\mathrm{i}\mathrm{n}^{-}-\cdot$ with $\mu(E)=0$ such that for any $a$) $\in\Omega-E$,
(the abscissa of convergence)
$a_{\omega}(a;f)= \lim_{narrow}\sup_{\infty}\frac{\log[\sum_{E^{\Lambda}}^{n}t^{-1}(?J)(\Phi)]}{\log A_{n}^{a}},\leq 1$.
Then for each $\omega\in\Omega-E$, the generalized Dirichlet series $\sum_{-0}^{\infty}\frac{\Lambda \mathrm{f}\mathrm{i}^{-1}(?fi(\omega)}{(A_{n}^{l})^{z}}$
,
converges
(absolutely) for $z\in C$ with ${\rm Re}(z)>1$ .
Proof. Let $a$) $\in\Omega-E$ be fixed and let $z\in C,$ ${\rm Re}(z)>1$ . We choose some $\delta>0$ (which
may depends on ($a$, to, $z$) $)$ such that
$a_{\omega}(a;f)+ \frac{\delta}{2}<a_{\Phi}(a;f)+\delta<{\rm Re}(z)$ .
Then there exists a sufficiently large number $N_{0}=N_{0}(\delta,a_{\omega})$ (where $a_{\varpi}=a_{\Phi}(a;fl)$ such that
$\sum_{n-1}^{m}\Lambda_{n}^{a-1}(Pf)(\mathit{0}))<(A_{m}^{a})^{a.+\frac{\delta}{2}}$, $m\geq N_{0}$ .
Thus, letting
$D_{w.n}( \mathrm{s})=\sum_{\mathrm{E}}^{n}\frac{x\tau^{1}(rf)(\omega)}{(A\mathrm{f})},$ , $s\geq 0$
and using the partial summation formula of Abel, we have, for $m\geq n+1>N_{0}$
$\sum_{b+1}^{m},\frac{A_{l}^{*- 1}(rp(\omega)}{(,\ell t)-s}‘=(\sum_{\mathrm{E}}^{m}-\sum_{E}^{n})\frac{A\Gamma^{1}(\Gamma f)(\varpi)}{(At)^{*\cdot u}}$
$= \sum_{kn}^{\hslash\succ 1}\{\frac{1}{(At)^{a\varpi^{\mathrm{s}\delta}}}-\frac{1}{(A_{k\vdash 1}^{a})^{a\cdot+\delta}}\}D_{\varpi J}(0)+\frac{D_{*\rho}(0)}{(A\hslash)^{a.\mathrm{s}\delta}}-\frac{D_{l}(0)}{(A_{n}^{\alpha})^{\mathrm{r}-\delta}}$.
$\leq\sum_{b}^{m-1}(A_{k}^{\alpha})^{a_{\Phi+_{2\{\frac{1}{(At)^{a.u}}-\frac{1}{(At_{+1})-\delta}\}+\frac{1}{(A-)^{a_{*}+l\prec a.*\mathrm{f})}}+\frac{1}{(Al)^{l\cdot 4l\prec l\prime \mathrm{f})}}}^{\Delta}}}$
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$\leq(a_{\mathit{0})}+\delta)\sum_{k\Leftarrow n}^{m-1}(A_{k}^{a})^{a_{\mathcal{O}}+_{2\int_{\log A\not\in}^{\log At_{\star 1}}e^{-(a_{\omega}+\delta)u}}^{\mathrm{A}}}du+\frac{2}{(A_{n}^{l})2\mathrm{A}}$
$\leq(a_{\Phi}+\delta)\sum_{h- n}^{n\succ 1}\int_{\log At}^{1A}\mathrm{o}\mathrm{g}f+1e^{\frac{\delta}{2}u}du+\frac{2}{(A_{n}^{a})2\mathrm{A}}$
$\leq\frac{\mathit{2}(a_{l}+\delta)}{\delta}\{\frac{1}{(\Lambda_{\hslash}^{a})2\mathrm{A}}-\frac{1}{(A_{n}^{\iota})24}\}+\frac{\mathit{2}}{(\Lambda_{n}^{\alpha})^{\mathrm{A}}2}$.
This give$s$
$0 \leq\lim_{h,\hslash\vdash r}\sum_{\mathrm{b}n+1}^{m}\frac{A\^{-1}(Pf)(\varpi)}{(\Lambda t)^{\mathrm{W}z)}}\leq\varliminf_{n,n\infty}\sum_{\mathrm{b}n+1}^{m}\frac{A_{l}^{\alpha- 1}(Pf)(\omega)}{(At)^{4*}\prec l}=0$ ,
and the lemma follows.
Lemma 2. Let $a$) $\in\Omega-E$ be fixed. Then
$\int_{1}^{\infty}\frac{1}{v^{z+1}}[ \sum_{0*n;A_{n}^{a}\leq v}A_{k}^{a-1}(T^{\mathrm{t}}f)(a))]d\nu=\perp z^{\sum_{n\triangleleft}^{\infty}\frac{A_{n}^{\iota-1}(P’f)(\varpi)}{(A_{n}^{l})^{l}}}$’ ${\rm Re}(z)>1$ .
Proof. Let $\epsilon>0$ be fixed suffciently small and let $a$) $\in\Omega-E,$ $z\in C,$ ${\rm Re}(z)>1$ . By
assumption there exists a number $N_{0}$ (which may depends on $(r,\epsilon,a,\omega,z)$) large enough so that
$\sum_{bN_{0}+1}^{\infty}\frac{At^{-1}(T^{*}fi(\omega)}{(At)^{\mathrm{R}l[\cdot)}}<\epsilon$ .
We then have for sufficiently large $v$
$\frac{1}{v^{\mathrm{R}\cdot(\cdot)}}\sum_{N_{0}+1rightarrow:A_{\hslash}^{u}\leq\nu}A_{k}^{a-1}(Pf)(\omega)\leq\sum_{kN_{0}+\mathrm{l}}^{n}\frac{At^{-1}(pJ)(\omega)}{(A_{n}^{l})^{\mathrm{R}\epsilon(l)}}\leq\sum_{\mathrm{k}N_{0}+\mathrm{l}}^{\infty}\frac{A\mathrm{t}^{-1}(rf)(\omega)}{(A\iota)^{\mathfrak{U}*)}}<\epsilon$.
This implies that $\lim_{N\infty}\frac{1}{(A_{N+1}^{a})^{\mathrm{z}}}\sum_{\mathrm{E}}^{N}A_{k}^{a-1}(I^{*}f)(a))=0$ . Now let us define
$S_{w}(v)=$
$\sum_{\alpha\infty;A_{n}^{l}\leq v}A_{n}^{a-1}(I^{m}f)(\omega)$
, $v\geq 1,$ $(n\geq 0)$
$=0$, $v<1$ .
Then it follows that




$= \frac{S_{\Phi}(A_{0}^{a})}{(A_{0}^{\alpha})^{z}}+\frac{S_{\Phi}(A_{1}^{\alpha})d_{\Phi}(A_{\mathit{0}}^{a})}{(\Lambda_{1}^{a})^{l}}+\cdots+\frac{S_{\Phi}(_{}4_{N}^{a}\mu_{\varpi}(A_{N- 1}^{l})}{(A_{N}^{a})^{z}}-\frac{S_{\omega}(A_{N}^{\alpha})}{(A_{N+1}^{\alpha})^{z}}$ .
Thus, since $\lim_{Narrow\infty}\frac{S.(A_{N}^{\alpha})}{(A\hslash_{\star 1})^{l}}=0$ for ${\rm Re}(z)>1$ , we obtain the desired equality
$z \int_{1}^{\infty}\frac{S_{\Phi}(v)}{v^{*1}}d\nu=\sum_{n\triangleleft}^{\infty}\frac{A\mathrm{f}^{1}(lf)(\omega)}{(A_{\hslash})^{z}}.’$ , ${\rm Re}(z)>1$ .
Lemma 3. Let $a$) $\in\Omega-(E\cup E_{0})$ be fixed and put
$H_{\omega}(y)=e^{-y}S_{\omega}(e^{y})$, $y\geq 0$ .
Then for some real $a\succ 0$ ,
$J \varliminf_{\infty}\int_{-\infty}^{\varphi}H_{\omega}(y-a\mathrm{L})K_{1}(v)d\nu=f(\mathit{0}))\int_{-\infty}^{\infty}K_{1}(v)d\nu$
holds with the Fej\’er kernel $K_{\rho}(t)= \frac{\sin^{2}(\rho t)}{\rho l^{2}},$ $\rho>0$.
Proof. By Lemma 2 we see that
$\int_{0}^{\infty}H_{\omega}(y)e^{-(z-1)y}\Phi=\frac{1}{z}\sum_{n4}^{\infty}\frac{A_{n}^{a- 1}(7^{*}f)(\omega)}{(A:)^{z}}$ , ${\rm Re}(z)>1$ ,
and so
$\int_{0}^{\infty}(H_{\omega}(\nu)-f(a)))e^{-(z-1)y}\phi=\frac{G.(z)-f(\omega)}{z}$, Re(z) $>1$ .




Using the Fej\’er kemel
$\frac{1}{\mathit{2}}\int_{-\mathit{2}a}^{2a}(1-\frac{|t|}{2a})e^{i(_{)}-u)t}dt=\perp 4a\int_{0}^{\mathit{2}a}\{\int_{-\tau}^{\tau}e^{i\mu u)}dt\}d\tau=\frac{1-\triangleleft oe(2a0-u))}{2a\mu u)^{2}}=K_{a}(y-u)$ ,
we have for $\sigma>1$ and every $a\succ 0$
$\perp 2a\int_{-2a}^{2a}e^{y_{t}}(1-\frac{|t|}{2a})\frac{G.(\sigma+it)-f(\varpi)}{\sigma+it}dt$








Consequently, the desired conclusion follows immediately ffom this and the Riemam-Lebesgue
theorem.
Proof of Theorem 1. After observing that $y_{2}\geq y_{1}>0$ implies $H_{\varpi}(y_{2})e^{y_{2}}\geq H_{\varpi}(\mathrm{y}_{1})e^{y_{1}}$ , it







Moreover, letting $aarrow\infty$ yields
$\lim_{J^{-}}\sup_{\infty}H_{w}(y)\leq f^{*}(a))$ .
This also implies that $H_{\Phi}(\mathrm{y})$ is bounded, so we may write $H_{\omega}(\gamma)\leq C_{\varpi}$ with a suitably chosen
constant $C_{\omega}$ . On the other hand, for $y \geq\frac{1}{\sqrt{a}}>0$ ,
$\int_{-\infty}^{\alpha_{H_{4},(-\mathrm{L}}}\nu a)K_{1}(v)d\nu\leq(\int_{-\infty}^{-\sqrt{a}}+\int_{-\sqrt{a}}^{\Gamma a}+\int_{\Gamma a}^{\varphi})H_{\Phi}(y-a)\mathrm{L}K_{1}(v)dv$
$\leq 2C_{\omega}\int_{\sqrt{a}}^{\infty}K_{1}(v)d\nu+\int_{-\sqrt{a}}^{\sqrt{a}}H_{\varpi}(y+\perp\sqrt{a})er^{\mathrm{a}}K_{1}(v)d\nu\perp$.
Thus by Lemma 3 again we have





Finally, let $aarrow\infty$ to get
$\varliminf_{\infty \mathrm{J}}\mathrm{i}\mathrm{n}\mathrm{f}H_{\varpi}(\gamma)\geq f(w)$ .
The above two parts together shows that $\lim_{J^{\llcorner}\infty}.H_{\omega}(y)=f$ (to). Hence we may take $y=\log A_{n}^{a}$ to
conclude that the theorem follows. The proof of the theorem has hereby completed.
Remarks. It should be noticed that an essential role in the proof of Theorem 1 is played by
Wiener’s general Tauberian theorem ([6], Theorem $\mathrm{V}\mathbb{I}\mathrm{I}$) which guarantees that the following
equation to hold for some $a>0$
$\lim_{r’\infty}\perp l\int_{-\infty}^{\infty}K_{a}(y-u)H_{\Phi}(u)du=\mathcal{L}_{\frac{(\omega)}{\pi}}\int_{-\infty}^{\infty}K_{a}(u)du$
is in fact valid for all real $a>0$ . We next demonstrate two cases realizing all the conditions of
Theorem 1.
(1) We consider the fimction space $C[0,1]$ consisting of functionsflt) continuous for
$0\leq t\leq 1$ such that $||f||=\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{K}t$) $|$ . Let $T$ be an order preserving, positively homogeneous
and norm decreasing operator in $C[0,1]$ with $T(\mathrm{O})=0$ . Let $T_{r}=rT$ for some $r,$ $0<r<1$ .
Let $0<a<\infty$ and$f\in C[0,1]^{+}$ . Then one gets
$\lim_{\trianglerightarrow},\sup_{\infty}\frac{\log[\sum_{\mathrm{E}^{A}}^{n}t^{-1}(td)(t)]}{\log A_{\alpha}^{l}}=0$.
We can thus define the function $G_{t}(z)$ by the convergent Dirichlet series $\sum_{\kappa 4}^{\infty}\frac{A_{n}^{\mathrm{r}1}(I_{r}^{*}f)(t)}{(A_{\mathrm{n}}^{a})^{z}}$ for
$z\in\{{\rm Re}(z)\geq 1\}$. Clearly $G_{t}(z)$ is analytic in the closed half-plane {Re(z) $\geq 1$ }.
(2) Let $\beta>0$ be fixed positive and defme an operator $T\rho$ in $C[0,1]$ by the fractional
integral
$(T \phi(t)=\frac{1}{\Gamma(\beta)}\int_{0}^{t}(t-u)^{p-\iota}f(u)du$ , $0\leq t\leq 1$
for$f\in C[0,1]$ . Let $0<a<\infty$ and$f\in C[0,1]^{+}$ . Then we see that
$\lim_{n},\sup_{\infty}\frac{\log[\sum_{k0^{A}}^{n}\mathfrak{t}^{-\mathrm{I}}(\eta \mathit{0}(t)]}{\mathrm{o}\mathrm{g}A_{\hslash}^{l}}[=0$.
Thus we may obtain a fiiction $G_{t}(z)$ analytic in {Re(z) $\geq 1$ } which is defined by the
convergent Dirichlet series $\sum_{-0}^{\infty}\frac{At^{-1}(Iw(t)}{(A_{n}^{q})^{z}}$ for $z\in\{{\rm Re}(z)\geq 1\}$ .
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Applying a modified Karamata’s argument for series to nonlinear operators (see [9]), we
have
Theorem 2. Let $T$ be an order preserving and $L_{\infty}$ -norm decreasing operator in $L_{p}$
$(1\leq p\leq\infty)$ with $T(\mathrm{O})=0$ . Let $0<a<\infty$ and $f\in L_{p}^{+}\cap L_{\infty}$ . Define
$\Psi_{a}(t;f)=A_{n}^{a-1}T^{*}f$, $n\leq t<n+1,$ $n\geq 0$ .
If $\lambda^{\alpha}\int_{0}^{\infty}e^{-\lambda\ell}\Psi_{a}(t;f)d$ (A $>0$) converges $\mathrm{a}.\mathrm{e}$. as $\lambdaarrow 0+\mathrm{t}\mathrm{o}$ some $f_{0}\in L_{p}^{+}$ , then
$\frac{1}{Al}\sum_{E}^{n}A_{k}^{a-1}Pf$converges $\mathrm{a}.\mathrm{e}$. as $narrow\infty$ to the fimction $f_{0}$ .
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